4.4 Multiply continuous embedded periodic surfaces

The possibility of the existence of multiply continuous structures was never discussed so far to the best of our knowledge. Although the idea seems to be trivial nobody has considered it. So far only bicontinuous phases have been considered both in the theoretical and experimental studies. In the bicontinuous structure the single surface separates the volume into two disjoint subvolumes. In our phases there is more than one periodic surface which disconnects the volume into three or more disjoint subvolumes.The experimental results do not rule out the existence of such structures, contrary the experiment on the electrical conductivity support the idea [5, 6]. It would be very interesting to design an experiment answering the question whether the structures considered so far as bicontinuous are only bicontinuous or maybe they are multiply continuous.

The multiply continuous structures are most easily generated for the values of parameters f_0 and g_0 in (2.9) taken near the boundary of lamellar and water (oil) phase and for the bigger unit cell length, L = (N � 1)h, than the length of structures of low genus.

We present the multiply continuous structures of the simple cubic phase symmetry (SCL1,SCL2, Figs. 4.84,4.86) and of the gyroid phase symmetry (GL1,GL2 Figs. 4.88,4.90). The SCL1 structure is triply continuous, the GL1,SCL2 are four-tuply continuous, and GL2 is six-tuply continuous. For bigger size of the unit cell one is able to generate the structures n-tuply continuous. It is remarkable that the volume fraction of oil and water is 0.5 for all these structures. The genera for all surfaces in a given structure are the same. Other properties of the multiply continuous structures are described in Table 4.4.

The SCL1 surface is especially interesting. Although the outer and inner surface looks different, see Fig. 4.84, they have the same surface area, see Table 4.4. In fact they are built of the same piece of the surface. The picture of 1/8 of the unit cell, see Fig. 4.85, explains how two different periodic surfaces can be built of the same surface patch.

The SCL2 structure is composed of three different embedded periodic surfaces, Figs. 4.86,4.87. The middle surface is the Schwarz minimal surface P, its normalized surface area of these surfaces are the same within the numerical errors, see Tables 4.4, 4.1. Similar, the middle phase surface in GL1 structure is the Schoen minimal surface G.

The GL2 structure suggest that one can generate arbitrary n-tuply continuous structures. It is only necessary to set the cell length sufficiently large. We have not attempted generation of such structures because, due to the limits imposed by computer memory and speed of processor, the lattice spacing would be too big for a given size of the lattice to obtain reasonable accuracy.

Figure 4.84: SCL1 surface generated from the functional (2.9). The unit cell. Off front view.

Figure 4.85: SCL1 surface generated from the functional (2.9). 1/8 of the unit cell. Off front view.

Figure 4.86: SCL2 surface generated from the functional (2.9). The unit cell. Off front view.

Figure 4.87: SCL2 surface generated from the functional (2.9). 1/8 of the unit cell. Off front view.

Figure 4.88: GL1 surface generated from the functional (2.9). The unit cell. Off front view.

Figure 4.89: GL1 surface generated from the functional (2.9). The unit cell. Off diagonal view.

Figure 4.90: GL2 surface generated from the functional (2.9). The unit cell. Off front view.

Figure 4.91: GL2 surface generated from the functional (2.9). The diagonal cell. Off front view.

Name Cell Energy Surface Genus Length Area SCL1 14.96 -0.175 4.090 3 1 2.045 2 2.045 SCL2 21.14 -0.178 5.780 3 1 1.716 2 2.348 3 1.716 GL1 26.32 -0.187 7.546 5 1 2.226 2 3.096 3 2.226 GL2 41.16 -0.185 11.887 5 1 1.659 2 2.736 3 3.097 4 2.736 5 1.659

Table 4.4: The geometrical properties of multiply continuous structures obtained from the functional (2.9), for the parameters f_0 = 0.0, g_0 = �3.0. Surface area S̃, in the table, is the normalized per face of the unit cube L^2 surface area S of the interface in the unit cell, S̃ = S/L^2, L = (N � 1)h. The energy is given per unit volume. The volume fraction for all surfaces is 0.5. The genus is given for any single surface in the structure.

4.5 Stability of different phases in the model

We have investigated many bicontinuous phases of different symmetries, genera and dimensions of the unit cell. The bicontinuous phase with the lowest value of the free energy turned out to be the gyroid, but the only stable liquid crystalline phase in this model is the lamellar phase. Fig. 4.92 shows the plot of the free energy as the function of the parameter f_0 for the lamellar and gyroid phase. The phase diagram for the model (2.9), in mean-field

Figure 4.92: The free energy per unit volume for the lamellar phase ( dashed line ) and gyroid phase (solid line ) for the model (2.9). The parameter g_0 was equal to �3.0.

approximation, calculated by Gompper and Zschocke [21] and checked here is shown in Fig. 4.93. Other bicontinuous phases behave in the same way

Figure 4.93: The phase diagram for the model (2.9)

as the gyroid and lamellar. The value of the free energy in the vicinity of microemulsion boundary converges to the value of the free energy for the microemulsion.

We have also studied the stability of bicontinuous phases for different function describing surfactant, g[ϕ(r)]. We have used the following form of g[ϕ(r)] :

g � ϕ(r) � = g_2ϕ(r)^4 + g_0. (4.4)

We have expected that this form of g[ϕ(r)] would make the interface between oil and water sharper and therefore it would lower the free energy. The interface indeed was sharper as we expected, but the unit cell length decreased also. This resulted in higher values of the free energy than before and all bicontinuous phases were metastable as in the previous case. It might suggest that one order parameter functional is not sufficient to describe the behavior of ordered phases. Howver, it has been observed recently [60] that one may expect the stabilization of the gyroid phase in Monte Carlo simulation. Thus the fluctuations can play a significant role in the stabilization of bicontinuous phases. We note that in the case of multi-parameter Landau models introduced in recent years [5] we may expect the stabilization of the various phases which in the one order parameter Landau model are only metastable [25]. Our current results are a very good starting point for investigation of the stability of bicontinuous phases in multi-parameter Landau functionals.

Chapter 5

Summary and Conclusion

The method of solving the functional (2.9), we have applied, allowed us to make several discoveries. We have discovered that the solutions of the physical model of microemulsion can be triply periodic minimal surfaces. To the best of our knowledge this is the first such discovery. So far the triply periodic minimal surfaces were generated from the Weirstrass representation or from the definition of the mean curvature.

We have discovered many triply periodic surfaces of non-positive Gaussian curvature. Some of them may be new minimal surfaces. Especially interesting are the surfaces of high genus. The existence of such surfaces may suggest that microemulsion can be such a surface of very high genus. For over one hundred years mathematicians have discovered a few infinite embedded periodic minimal surfaces of cubic symmetry. We have discovered, by using our method, several new infinite periodic surfaces of cubic symmetry, which are very likly to be miminal. The problem of peridic surfaces is being rediscovered over recent years because of their importance in physich and biology. We are convinced that this work will help to make other workers signifacant progress in this area.

We have discovered, never considered yet, multiply continuous cubic structures formed in ternary mixtures of water, oil and surfactant. The idea of multiple continuity of cubic structures is the novel one. Our results call for new experimental techniques which could be used to discern between bicontinuous and multiply continuous structures. We hope that these new structures will soon be discovered in real systems.

Very often to see means to understand. We have not only calculated the properties of many cubic structures, investigated their stability, but also presented the pictures of new structures. We hope that this will help other workers better understand the phenomena in ternary liquid mixtures, diblock copolymers, and biological systems.

We have presented the general method for the generation of periodic surfaces of non-positive Gaussian curvature. This method can be well applied by physicists working in soft condensed matter, mathematicians working in topology, biologists and crystallographers. We are positive that the richness of the method is far from being explored by our work.

The answers we have given in this work do not close the problem we have investigated. Contrary, our results open new area to investigate by other workers, can be a pointer for experimentalists to design new experiments. Our results are also an ideal starting point, for theoreticians, to pursue the studies of Landau-Ginzburg models with more than one order parameter field [25], to investigate dynamical properties of complex systems [61, 62] or to study complex fluids in confined geometries [22]. These are only a few benefits of this work and we are convinced that this is not a complete list.

Bibliography

[1] R. G. Laughlin, The aqueous phase behavior of surfactants, Academic Press, London, 1994.

[2] V. Degiorgio and M. Corti, editors, Physics of Amphiphiles: Micelles, Vesicles and Microemulsions, Amsterdam, The Netherlands, 1985, Italian Physiscal Society, North-Holland Physics Publishing.

[3] M. Kalhweit et al., J. Colloid Interface Sci. 118, 436 (1987). [4] M. Kahlweit et al., Langmuir 4, 499 (1988).

[5] G. Gommper and M. Schick, Self-Assembling Amphiphilic Systems, volume 16 of Phase Transitions and Critical Phenomena, Academic Press, first edition, 1994.

[6] A. Ciach, Pol. J. Chem. 66, 1347 (1992).

[7] K. V. Schubert and R. Strey, J. Chem. Phys. 95, 8532 (1991). [8] W. Jahn and R. Strey, J. Phys. Chem. 92, 2294 (1988). [9] A. Ciach and A. Poniewierski, Phys. Rev. E 52, 596 (1995).

[10] H. Chung and M. Caffrey, Nature 368, 224 (1994). [11] Z. Gang Wang and S. A. Safran, Europhys. Lett. 11, 425 (1990). [12] R. Lipowsky, Nature 349, 475 (1991). [13] W. Helfrich, Z. Naturforsch A 28, 693 (1973).

[14] L. D. Landau and E. M. Lifshitz, Statistical Physics, Pergamon Press, 3 edition, 1989.

[15] M. Teubner and R. Strey, J. Chem. Phys. 87, 3195 (1987). [16] G. Gompper and M. Schick, Phys. Rev. Lett. 65, 1116 (1990). [17] G. Gompper, R. Hołyst, and M. Schick, Phys. Rev. A 43, 3157 (1991). [18] J. Putz, R. Hołyst, and M. Schick, Phys. Rev. A 46, 3369 (1992). [19] G. Gompper and M. Hennes, J. Chem. Phys. 102, 2871 (1994). [20] G. Gompper and S. Zschocke, Europhys. Lett. 16, 731 (1991). [21] G. Gompper and S. Zschocke, Phys. Rev. A 46, 4836 (1992). [22] F. Schmid, Phys. Rev. E 48, 1882 (1993). [23] G. Gompper and J. Goos, Phys. Rev. E 50, 1325 (1994). [24] M. Laradji, H. Guo, M. Grant, and M. J. Zuckermann, Phys. Rev. A 44, 8184 (1991).

[25] A. Ciach, J. Chem. Phys. 104, 1 (1996).

[26] K. Kawasaki and T. Kawakatsu, Physica A 164, 549 (1990). [27] G. Gompper and S. Klein, J. Phys. II France 2, 1725 (1992). [28] G. Gompper and M. Kraus, Phys. Rev. E 47, 4301 (1993). [29] W. Góźdź and R. Hołyst, Macromol. Theory Simul. in press (1996). [30] M. Abramowitz and I. A. Stegun, editors, Handbook of Mathematical Functions With Formulas, Graphs, and Mathematical Tables, volume 55 of National Bureau of Standards Applied Mathematics Series, U. S. Government Printing Office, Washington, D.C. 20402, 9th edition, 1970, pages 883-884.

[31] D. A. Hoffman, J. de Physique Colloque 51 C7, 197 (1990). [32] D. M. Anderson, H. T. Davis, L. E. Scriven, and J. C. C. Nitsche, Adv.

Chem. Phys. 77, 337 (1990).

[33] S. T. Hyde, Z. Kristallogr. 187, 165 (1989).

[34] I. S. Barnes, S. T. Hyde, and B. W. Ninham, J. de Physique Colloque 51 C7, 19 (1990).

[35] A. L. Mackay and J. Klimowski, Comp. and Maths. with Appls. 12B, 803 (1986).

[36] M. Spivak, A Comprehensive Introduction to Differential Geometry, volume III, Publish or Perish, Berkley, 1979.

[37] H. Coxeter, Regular Polytopes, MacMillan, New York, 1963. [38] N. S. M. Henry and K. Lonsdale, editors, International Tables for X-ray Crystallography, volume 1, The Kynoch Press, Birmingham, England, 1952.

[39] A. H. Schoen, Inifinite periodic minimal surfaces without selfintersections, Technical Report TN D-5541, NASA, 1970.

[40] W. H. Press, B. P. Flannery, S. A. Teukolsky, and W. T. Vetterling, Numerical Recipes, Cambridge University Press, 1990.

[41] J. A. F. Plateau, Statique Expérimentale et Théorique des Liquides aux Seules Forces Moléculaires, volume 2, Gauthier-Villars, Trubner et Cie, F. Clemm, 1873.

[42] L. E. Scriven, Nature 263, 123 (1976). [43] V. Luzzati and P. A. Spegt, Nature 215, 701 (1967). [44] V. Luzzati, A. Tardieu, and T. Gulik-Krzywicki, Nature 217, 1028 (1968).

[45] V. Luzzati, T. Gulik-Krzywicki, and A. Tardieu, Nature 218, 1031 (1968).

[46] V. Luzzati, A. Tardieu, T. Gulik-Krzywicki, E. Rivas, and F. Reiss- Husson, Nature 220, 485 (1968).

[47] E. L. Thomas, D. M. Anderson, C. Henkee, and D. Hofman, Nature 334, 598 (1988).

[48] A. L. Mackay, Nature 314, 604 (1985).

[49] H. G. von Schnering and R. Nesper, Angewandte Chemie, International Edition in English 26, 1059 (1987).

[50] H. Terrones, J. de Physique Colloque 51 C7, 345 (1990). [51] S. Lidin, S. T. Hyde, and B. W. Ninham, J. Phys. France 51, 801 (1990). [52] A. Fodgen, J. de Physique Colloque 51 C7, 149 (1990). [53] E. L. Thomas, D. B. Alward, D. J. Kinning, D. C. Martin, and L. J.

Fetters, Macromolecules 19, 2187 (1986).

[54] H. Hasegawa, H. Tanaka, K. Yamasaki, and T. Hashimoto, Macromolecules 20, 1651 (1986).

[55] D. J. Kinning, J. M. Ottino, and E. Thomas, Macromolecules 20, 1129 (1986).

[56] D. A. Hajduk et al., Macromolecules 27, 4063 (1994). [57] D. Cvijović and J. Klimowski, Chem. Phys. Lett. 226, 93 (1994). [58] D. M. Anderson, ., PhD thesis, University of Minesota, 1986. [59] S. T. Hyde, J. Phys. Chem. 93, 1458 (1989).

[60] R. Hołyst and W. Góźdź, The structure of microemulsion from Monte Carlo simulations, unpublished results, 1996.

[61] G. Gompper and M. Hennes, Europhys. Lett. 25, 193 (1994). [62] G. Gompper and M. Hennes, Phys. Rev. Lett. 73, 1114 (1994). [63] A. Ciach, J. S. Høye, and G. Stell, J. Phys. A 21, L777 (1988). [64] A. Ciach, J. S. Høye, and G. Stell, J. Chem. Phys. 90, 1214 (1989). [65] A. Ciach, J. S. Høye, and G. Stell, J. Chem. Phys. 90, 1222 (1989). [66] A. Ciach, J. Chem. Phys. 96, 1399 (1992).

[67] G. Gompper and M. Kraus, Phys. Rev. E 47, 4289 (1993). [68] G. Gompper and M. Schick, Phys. Rev. E 49, 1478 (1994). [69] W. Góźdź and R. Hołyst, Phys. Rev. Lett. , submitted (1996). [70] W. Góźdź and R. Hołyst, Phys. Rev. Lett. , submitted (1996). [71] S. Lidin, J. de Physique Colloque 51 C7, 237 (1990).